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1. Introduction

Data in which there is both a cross-section and a time series dimension offer important advantages relative
to pure cross-section data.

With repeated cross-sectional data, we often have a large number of observations, enabling us
to estimate the parameters of interest with lower standard errors than for a single cross-section. Such
data-sets may also enable us to estimate common dynamic trends (e.g. average TFP growth), and test
for parameter stability ("pooling") over time.

With panel data we can do everything that is possible with repeated cross-sections, plus we will be
able to control for individual-specific, time-invariant, unobserved heterogeneity, the presence of
which could lead to bias in standard estimators like OLS. We can also estimate dynamic equations.

The key difference between repeated cross-sectional data and panel data is that panel data-sets follow
a random sample of individuals (or firms, households, etc.) over time, whereas repeated cross-sections do
not.

In this lecture I will first discuss what the data need to look like, for the econometrics that then follow
to be relevant. I then discuss standard panel data estimators. This is followed by a brief discussion of
model selection. Finally, I discuss problems posed by endogeneity in the context of panel data models.

Useful references for this lecture:

e Wooldridge (2002) "Cross Section and Panel Data": Chapters 7.8; 10; 11.

2. Combined Time Series and Cross Section Data

Panel data combine a time series dimension with a cross section dimension, in such a way that there are
data on N individuals (or firms, countries...), followed over T time periods. Not all data-sets that combine
a time series dimension with a cross section dimension are panel data-sets, however. It is important to

distinguish panel data from repeated cross-sections.



2.1. A Panel Data-Set

e Panel data contains information on the same cross section units - e.g.

firms - over time. The structure of a panel data set is as follows:
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where id is the variable identifying the individual that we follow over time; yr92, yr93 and yr94 are

time dummies, constructed from the year variable; x1 is an example of a time varying variable and

x2 is an example of a time invariant variable.

e In microeconomic data, N (the number of individuals, firms...) is typically large, while T is small.

e In aggregate data, longer 1" is more common.

e The econometric theory discussed by Wooldridge (2002) mostly assumes that N is 'large’ while T

is 'small’.

e In the opposite case, say N = 5 countries and T" = 40 years, the topic becomes multiple time series.

e Throughout these lectures, I will focus mostly on the large N, small T case. Markus Eberhardt will

cover the case where T is large in his lectures.

e If the time periods for which we have data are the same for all NV individuals, e.g. t = 1,2,...T, then

we have a balanced panel. In practice, it is common that the length of the time series and/or the

time periods differs across individuals. In such a case the panel is unbalanced.



e Analyzing unbalanced panel data typically raises few additional issues compared with analysis of
balanced data. However if the panel is unbalanced for reasons that are not entirely random (e.g.
because firms with relatively low levels of productivity have relatively high exit rates), then we may
need to take this into account when estimating the model. This can be done by means of a sample

selection model. We abstract from this particular problem here.

e Repeated cross sections are obtained by sampling from the same population at different points in
time. The identity of the individuals (or firms, households etc.) is not recorded, and there is no
attempt to follow individuals over time. This is the key reason why pooled cross sections are
different from panel data. Had the id variable in the example above not been available, we would

have referred to this as a pooled repeated cross-section data-set.

2.2. New Opportunities

e When we have a dataset with both a time series and a cross-section dimension, this opens up new

opportunities in our research. For example:

e Larger sample size than single cross-section, and so you should be able to obtain more precise

estimates (i.e. lower standard errors).

e You can now ask how certain effects evolve over time (e.g. time trend in dependent variable; or

changes in the coefficients of the model).

e Panel data enable you to solve an omitted variables problem.

e Panel data also enable you to estimate dynamic equations (e.g. specifications with lagged dependent

variables on the right-hand side).



3. Using Panel Data To Address an Endogeneity Problem

e Arguably the main advantage of panel data is that such data can be used to solve an omitted

variables problem. Suppose our model is

Yit = T8 + (i + ugt)

t=1,2,...,T, where we observe y;; and x;;, and «;,u;; are not observed. Our goal is to estimate
the parameter 3. As usual, x;; is a 1 X K vector of regressors, and 3 is a K x 1 vector of parameters

to be estimated.

e Throughout this lecture I will assume that the residual u;;, which varies both over time and across

individuals, is serially uncorrelated.

e Our problem is that we do not observe «;, which is constant over time for each individual (hence
no t subscript) but varies across individuals. Hence if we estimate the model in levels using OLS

then «a; will go into the error term: UiOtLS = a; + Ujt-

e What would be the consequence of o; going into the error term?

e If o; is uncorrelated with x;;, then «a; is just another unobserved factor making up the residual.

It is true that OLS will not be BLUE, because the error term viOtLS is serially correlated:

2
orLs ,0LS\ _ _ Ya
corr (vit 7’Ui,tfs) = m
for s = 1,2, ... (this calculation assumes that u;; is non-autocorrelated; more on this below). This
suggests some FGLS estimator could be preferable (this is indeed the case; see below). Notice that
OLS would be consistent, however, and the only substantive problem with relying on OLS for this

model is that the standard formula for calculating the standard errors are wrong. This problem is

straightforward to solve, e.g. by clustering the standard errors on the individuals.



e But if ; is correlated with x;;, then putting a; in the error term can cause serious problems. This,
of course, is an omitted variables problem, so we can use some of familiar results to understand the

nature of the problem. For the single-regressor model,

AOLS _ Do > i (o + wge)
b P+ D 7, 7

hence

~OLS

=p[+

plim cov (i, ;) 7
o2

which shows that the OLS estimator is inconsistent unless cov (z;:, ;) = 0. If x4 is positively
correlated with the unobserved effect, then there is an upward bias. If the correlation is negative,

we get a negative bias.

e Can you think about applications for which a specification like the following
Yit = Bxip + (0 + uie)

would be appropriate? How about:

Individual earnings

— Household expenditures

Firm investment

Country income per capita.

What factors can reasonably be represented by «;? Can these be assumed uncorrelated with x;;?

3.1. Model 1: The Fixed Effects ("Within") Estimator

e Model:

Yit ::z:itﬁ—l—(ai—l—uit), t:].,?,T,’L: 1,2,...,N, (31)



where I have put «; + u;+ within parentheses to emphasize that these terms are unobserved.

e Assumptions about unobserved terms:

— Assumption 1.1: «ay freely correlated with x;;

— Assumption 1.2: E (z;u;s) = 0 for s = 1,2, ..., T (strict exogeneity)

e We have seen that if o is correlated with the variables in the x;; vector, there will be an endogeneity
problem which would bias the OLS estimates. Under assumptions 1.1 and 1.2, we can use the Fixed
Effects (FE) or the First Differenced (FD) estimator to obtain consistent estimates of 3 allowing

a; to be freely correlated with x;;.

e Note that strict exogeneity rules out feedback from past u;s shocks to current x;;. One implication

of this is that FE and FD will not yield consistent estimates if x;; contains lagged dependent

variables (Y; ¢—1,Yit—2,---)-

e Note that when N is large and T is small, the assumption of strict exogeneity is crucial for the FE
and FD estimators to be consistent. In contrast, if T — oo, strict exogeneity is not crucial Here,

we deal with large N small T

e If the assumption that F (z;iu;s) = 0 for s = 1,2,...,T, does not hold, we may be able to use

instruments to get consistent estimates. This will be discussed later.

To see how the FE estimator solves the endogeneity problem that would contaminate the OLS esti-

mates, begin by taking the average of (3.1) for each individual - this gives

Y =B+ (v +uw), i1=12,..,N, (3.2)



where 7; = (ZtT:l yit) /T, and so on.! Now subtract (3.2) from (3.1):

Yie — Ui = (g — %) B+ (o — ay + uip — U;),

Yo —Ti = (Tig — &) B+ (uir — W),

which we write as

yit :iit/@'i_ﬁ'ita t:172aT7Z: 1a2a"'aNa

where §j;; is the time-demeaned data (and similarly for &;; and ;).

This transformation of the original equation, known as the within transformation, has eliminated

«; from the equation.

e Hence, we can estimate (3 consistently by using OLS on (3.3). This is called the within estimator

or the Fixed Effects estimator.

e You now see why this estimator requires strict exogeneity: the equation residual in (3.3) contains

all realized residuals u;1,uso, ..., u;7 (since these enter ii;;) whereas the vector of transformed ex-

planatory variables contains all realized values of the explanatory variables x;1,Z;9, ..., ;7 (since

these enter Z;). Hence we need E (z;+u;s) = 0 for s = 1,2,...,T, or there will be endogeneity bias

if we estimate (3.3) using OLS.

e In Stata, we obtain FE estimates from the 'xtreg’ command if we use the option 'fe’; e.g.

e xtreg yvar xvar, i(firm) fe

e Rather than time demeaning the data, couldn’t we just estimate (3.1) by including one dummy

variable for each individual (or country, firm...)? Indeed we could, and it turns out that this is

exactly the same estimator as the within estimator (can you prove this?). If your N is large, so that

you have a large number of dummy variables, this may not be a very practical approach however.

IWithout loss of generality, the exposition here assumes that 7" is constant across individuals, i.e. that the panel is

balanced.



3.2. Model 2: The First Differencing Estimator

e Model:

Yit :mit,@—k(ai—l—uit), t=1,2,T,Z: 1,2,...,N, (34)

where «;, u;; are unobserved.
e Assumptions about unobserved terms:

— Assumption 2.1: «; freely correlated with x;;

— Assumption 2.2: F (z;u;s) = 0 for s = ¢, ¢ — 1. This is a weaker form of strict exogeneity than
what is required for FE, in the sense that E (z;,u;—2) = 0, for example, is not required). Thus,
if there is feedback from wu;; to x;; that takes more than two periods, FD will be consistent

whereas FE will not (hence weaker form of strict exogeneity).

e Starting from the model in (3.4), but rather than time-demeaning the data (which gives the FE

estimator), we now difference the data:

Yit —Yip—1 = (T —Xig—1)B+ (s — 0y + Uit —Uip—1),

Ay = Azpf+ Augy. (3.5)

Clearly this removes the individual fixed effect, and so we can obtain consistent estimates of 3 by

estimating the equation in first differences by OLS.

e You now see why this estimator requires strict exogeneity: the equation residual in (3.5) contains the
residuals u;; and wu; ;1 whereas the vector of transformed explanatory variables contains x;;, ;¢ —1.
Hence we need E (x;;uis) = 0 for s = ¢, — 1, or there will be endogeneity bias if we estimate (3.5)

using OLS.

FE or FD?

e So FE and FD are two alternative ways of removing the fixed effect. Which method should we use?



e First of all, when T' = 2 (i.e. we have only two time periods), FE and FD are exactly equivalent

and so in this case it does not matter which one we use (try to prove this).

e But when 7" > 3, FE and FD are not the same. Under the null hypothesis that the model is
correctly specified, FE and FD will differ only because of sampling error whenever T' > 3. Hence, if
FE and FD are significantly different - so that the differences in the estimates cannot be attributed
to sampling error - we should worry about the validity of the strict exogeneity assumption. More

on this below (see also Wooldridge, 2002, Section 10.7).

o If u; is arandom walk (u;; = u; i—1+&;;), then Auy, is serially uncorrelated and so the FD estimator

will be more efficient than the FE estimator.

e Conversely, under "classical assumptions", i.e. wu;; ~ iid (0,03), the FE estimator will be more
efficient than the FD estimator (as in this case the FD residual Au;; will exhibit negative serial

correlation).
3.3. Model 3: The Pooled OLS Estimator
e Model:

Yit ::citﬁ—&-(ai—i—uit), t=1,2,.T;i=1,2,...,. N (36)

where «;, u;; are unobserved.

e Assumptions about unobserved terms:

— Assumption 3.1: «; is uncorrelated with z;;: F (zi;) =0

— Assumption 3.2: E (x;;u;:) = 0 (x; predetermined)

e Note that A3.1 is stronger than Al.1 and A2.1 whereas A3.2 is weaker than Al.1 and A2.1.
Clearly under these assumptions, viot LS = (a; + uyy) will be uncorrelated with @;;, implying we can

estimate 3 consistently using OLS. In this context we refer to this as the Pooled OLS (POLS)

estimator.



e To do inference based on the conventional OLS estimator of the covariance matrix, we need to
assume homoskedasticity and no serial correlation in the data. Both of these assumptions can be
restrictive, especially the latter one. As a rule of thumb, it is a good idea to obtain an estimate of
the covariance matrix that is robust to heteroskedasticity and autocorrelation, using the following

’sandwich’ formula (see also the 'Box’ in the first computer exercise):

POLS N - N N o
vE (BT = (Z XgXi> (Z X;ﬁmgxi> (Z X;Xi> ,
1=1 =1 =1

In Stata, we get this by using the option ’cluster’, e.g.
regress yvar xvar, cluster(firm)

e We can also test for heteroskedasticity and serial correlation for this estimator. The procedure is
similar to that for other estimators and so I will not go through that here. See Wooldridge (2002),
Section 7.8.5, for details.

3.4. Model 4: The Random Effects Estimator

Model:

Yir = T3+ (i + uge) t=1,2,..T;i=1,2,...,N.

Assumptions about unobserved terms:

— Assumption 4.1: «; uncorrelated with x;;: F (z;0;) =0

— Assumption 4.2: E (zju;s) =0 for s = 1,2,...,T (strict exogeneity)

Note that this combines the strongest assumption underlying FE/FD estimation (strict exogeneity)
with the strongest assumption underlying POLS estimation (no correlation between time invariant

part of residual and the explanatory variables). Why we need these assumptions will be clear below.

So clearly Models 1-3 above will all give consistent estimates under A4.1-2.

10



e Consider using POLS in this case. It is straightforward to show that POLS is inefficient since the

residual ngs = (a; + ;) is serially correlated. To see this, note that
OLS , OLS
E (v, 008%) = El(a + i) (0 + uip—s)]
= E(a? 0 e ol
- «; + Qi Ust + QUG t—s + Uit Ug,t—s
_ 2
= E(of)
2
= Ua7
and so
B (UOLS UOLS)
OLS ,OLSY\ _ it 2 Vit—s
corr (vit ,vm_s) = 5
\/ O-UtJUt—s
OLS , OLS o2
(8]
corr (Uit » Vg t—s) = 2 2 (37)
o5 + 03
for s = 1,2, ..., since J%f = J%f_g = 02 +02. (this calculation assumes that u;; is non-autocorrelated,

which T have already assumed). If we are concerned with efficiency, we may want to consider a
GLS estimator that takes this serial correlation into account. Also note that if o2 is high relative
to o2 the serial correlation in the residual will be high. As a result the conventional estimator of
the covariance matrix for the OLS estimator will not be correct (but we’ve seen how we can fix this

problem for POLS by ’clustering’).

e The Random Effects (RE) estimator is a GLS estimator that takes (3.7) into account. This works

as follows.

The RE Transformation

e Using GLS involves transforming the original equation, so that the transformed equation fulfils the

assumptions underlying the classical linear regression model.

11



Panel data model

Vit = Tt + o + usy.

Define
T G T b
N To2 + o2 '

Multiply A by the individual average of the original equation:
g = AZ; B+ \oftE.
Subtract this expression from the original equation:
Yir — A = (T — AZ;) B+ (viF — AofF).

Using OLS on this, the transformed equation, gives the random effects GLS estimator.

This estimator is efficient, because

RE ~RE
vy — AY;

is now serially uncorrelated. It is not obvious that this is the case, but it is (see Appendix for a

proof).

The parameter ) is not known and so it has to be estimated first. This involves estimating o2
and 02. There are various ways of doing this. The simplest, perhaps, is to use POLS in the first
stage to obtain estimates of the composite residual 9;;. Based on this, we can calculate o2 as the

covariance between 0;; and 9;;_; (for instance), and

Q»
SN
I
Q>
Sl )

We can then plug [73 and [73 into the formula for A, and then estimate the transformed equation.

12



e In Stata, we can obtain the RE GLS estimator by using the command ’xtreg’, e.g.

xtreg yvar xvar, i(firm)

o If A =0, what do we get? What if A =17

[EXAMPLE: Section 1 in appendix - production function estimates.]

13



4. Model Selection

We have discussed four estimators of the panel data model:

1. Fixed Effects

2. First Differences

3. Pooled OLS (i.e. OLS estimation of the levels equation)

4. Random Effects

Which one should we use? The following tests will provide some guidance:

e Testing for non-zero correlation between the unobserved effect and the regressor(s): FE versus RE.

e Testing for the presence of an unobserved effect: RE versus pooled OLS

Testing for non-zero correlation between the unobserved effect and the regressor(s).

e An important consideration when choosing between a random effects and fixed effects approach is
whether «; is correlated with x;;. To test the hypothesis that a; is uncorrelated with x;;, we can

use a Hausman test.

e Recall that the Hausman test in general involves comparing one estimator which is consistent
regardless of whether the null hypothesis is true or not, to another estimator which is only consistent

under the null hypothesis.

e In the present context, the FE estimator is consistent regardless of whether «; is or isn’t correlated
with z;;, while the RE requires this correlation to be zero in order to be consistent. Strict exogeneity

is assumed for both models.

e The null hypothesis is that both models are consistent, and a statistically significant difference
is therefore interpreted as evidence against the RE model. If we cannot reject the null, we may

decide to use the RE model in the analysis on the grounds that this model is efficient.

14



e The Hausman statistic is computed as

using matrix notation. Under the null hypothesis, this test statistic follows a chi-squared distribu-
tion with M degrees of freedom, where M is the number of time varying explanatory variables in

the model.

e Notice that the Hausman test by default compares all the parameters in the model across the two
estimators. Sometimes we are primarily interested in a single parameter, in which case we can use
a t test that ignores the other parameters. If 3, is the element in § that we wish to use in the test,

then the Hausman ¢ statistic is simply

~FE ~RE
i B -8

[86 (BfE)z e (BfEY] 1/27

where se denotes the standard error of the estimated coefficient. Notice that t = H if M = 1.

The 7 statistic has a standard normal distribution i.e. absolute values of ¢ in excess of 1.96

suggests the null hypothesis should be rejected.

e Note that it is sometimes the case that there are large differences between the FE and RE point
estimates of the coefficients but, due to high standard errors, the Hausman statistic fails to reject.
What should be done in this case? A typical response is to conclude that the RE assumptions hold
and to focus on the RE estimates. In doing so, however, we may make a Type II error: failing
to reject an assumption when it is false. We can’t really know if this is the case or not. Some
judgement is required here. If RE and FE estimates differ a lot but the Hausman test does not

reject, then this is worth mentioning in the analysis.

15



Testing for the presence of an unobserved effect: The Breusch-Pagan test.

o If the regressors are strictly exogenous and ;¢ is non-autocorrelated and homoskedastic, then POLS
and RE will both be efficient if there are no unobserved effects, i.e. 02 = 0. If 02 > 0 then RE is

efficient (provided, of course, that «; is uncorrelated with the explanatory variables).

2 =

e The most common test of Hy : o3

0 is the Lagrange multiplier test due to Breusch and
Pagan (1980). This test is calculated in Stata by means of the instruction ’xttest0’, following RE

estimation. The test statistic is based on the pooled OLS residuals, and is written

NT

LM:Q(T—l)

S ]
I

for a balanced panel, where 9;; is the estimated pooled OLS residual. Under the null hypothesis,

LM is distributed as chi-squared with one degree of freedom.

e I will not derive the BP test statistic, but the intuition is as follows:

— Under the null hypothesis (>, bi)” = >, 07, in which case the term within [.] will be zero.

— However, if 2 > 0, then (3, i) > >, 0% , hence LM > 0. Notice that for T' = 2,

2
5. — 52 L D1 b 2
Vit = U1 + 2001042 + Vjo,

t
and 29;10;2 will be strictly positive if o2 > 0.

[EXAMPLE: Appendix Section 1 - model specification tests.]

5. What to do if some of your explanatory variables are time invariant?

The model:

Yit = Tt + (0 + wyr) -

16



Suppose you do not believe that the time invariant term «; is uncorrelated with all your explanatory
variables. You are therefore considering FE or FD. However, suppose some or all of the variables in the

x;+ vector are time invariant, i.e. they do not change over time:

mit{wit Zi:|a

where w;; is a 1 X P vector of time varying variables, and z; is a 1 x (K — P) vector of time invariant

variables. The model is now rewritten as
Yit = Wity + 2:By + (a; + ust) .

The problem is now obvious: FE and FD will eliminate z, and so B, is not directly identified by these
methods.

Now suppose you believe that «; is uncorrelated with z; (but correlated with w;¢). In this case, rather
than resorting the POLS or RE, a better approach will be a two-stage procedure:

1. Estimate

Yit = witBy + (N + uir)
using the FE or FD estimator. Back out the estimated fixed effects (one for each individual):

i = Yir — wi By

Theoretically, /A\l is an estimate of z;8, + ;.

2. Run the following regression:

Ai = ziBy + v;.

Under the assumption that «; is uncorrelated with z;, this is a consistent estimator of 3.

In a more general case where some of the variables in z; are correlated with «;, identification of all

17



the parameters in the model may still be possible if some of the variables in w,;; are uncorrelated with

«;. To see this, generalize the model further as follows:

Yit = Wi "By + Wiy Bro + 2 Bay + 27" Bag + (i +uit),

where the uca superscript flags variables that are uncorrelated with a; while ca denotes variables po-
tentially correlated with «;. Clearly FE or FD doesn’t identify 85, and Byy; however B,; and B, are

identified. The fixed effect in such a specification is defined as

L auc ca — uca ca )
Ai = Yit — wi "By + wip Bra = 2 Bo1 + 277 Bay + i

Hence, once we have estimated

Yir = Wi By + wip Bra + (N + wir)

using FE or FD, we predict the fixed effect A;. This can now be "unpacked" as follows:

i = 289 By, + 25%Byy + €. (5.1)

The problem now is that z§ is correlated with e;. However, there are plenty of potential instruments
here, i.e. variables uncorrelated with e;. Clearly z!°* and w}‘® are potential instruments (by assump-
tion), and so are Wj; = w —wi®, i.e. the time demeaned time varying variables that we suspect are

correlated with a;. This suggests estimating (5.1) using a 2SLS approach with these instruments. Such a

procedure is known as a Hausman-Taylor estimator, see Section 11.4 in Wooldridge (2002) for details.

18



6. What if Strict Exogeneity Doesn’t Hold?

The model, again:

Vit = it + (0 + uir) -

Strict exogeneity:

E(zjui) =0, s=1,2,..,t,...T

e If a; is correlated with x;; then - as we have seen - OLS and RE will generally be inconsistent, and
FE or FD may be used instead, provided strict exogeneity holds. The FD approach, for example,

involves transforming the data and then estimating the model

Yit — Yip—1 = (Tit — Ti0-1) B+ (Uit — Uip—1)

using OLS. Naturally, the resulting estimate of 3 will only be consistent if (;; — #;,—1) is uncor-

related with the equation residual (u;; — u;—1). This will hold under strict exogeneity.

e But: strict exogeneity may not hold! Examples:

— A seemingly mild form of non-exogeneity in this context is when u;; is uncorrelated with x;;

but correlated with future values of the regressors, e.g.

Tip41 = QUi + €;141-

A production function in which labour demand in period ¢t 4+ 1 responds to unobserved pro-
ductivity shocks in period ¢, represented by wu;;, is one example of this. In this case there is

sequential exogeneity - but not strict exogeneity.

— A second form of non-exogeneity occurs when there is contemporaneous correlation be-
tween the regressor and the residual, caused by, for instance, omitted variables or measurement

errors in the explanatory variable uncorrelated with the true value of the regressor. That is,

19



E (mituz’t) # 0.

e In both of these cases, FE, FD and RE estimates will typically be inconsistent.

e In other words, if strict exogeneity does not hold, the panel data approach will not solve all our

problems. If so, we need to do more work.?

2In the discussion of non-exogeneity I focus exclusively on the Fixed Effects (FE) and First Difference (FD) models and
not the Random Effects (RE) model. The reason is that the standard version of the latter model does not even allow for
correlation between the regressors and the time invariant individual effect.

20



7. Sequential Exogeneity

A less restrictive assumption than strict exogeneity is sequential exogeneity, which we state as

E(zjuis) =0, s=tt+1,..,T.

When this assumption holds we will say that the z;; are sequentially exogenous. The key difference

compared to strict exogeneity is that

E(zjuis) =0, s=1,2,..,t—1

is not imposed under sequential exogeneity. Thus, a process like

Tit41 = PUit + €441,

where ¢ # 0 and e;; is exogenous and non-autocorrelated, is consistent with sequential exogeneity, but
not with strict exogeneity .
What is the implication of sequential exogeneity for the FE model? Recall that the FE model is

equivalent to running an OLS regression on data expressed in deviations from individual means:

Uit = L4t + bz,

where ;i = Vit — i, &5t = T;e—T; and U;; = u;s — U;. Hence for the FE model to be consistent we require

E (&) =0

21



as usual. For the single regressor model, we have

FE (xltuzt) = F [(xzt - *’El) (uit - al)}

E (Z3i) = E(ziui) — E(Tiui) — B (2it;) + E (T:4;)

where F (z;1u;x) = 0 by implication of sequential exogeneity, but E (Z;u;t), E (z::4;) and E (Z;4;) will
be non-zero since strict exogeneity does not hold.

We can do a similar analysis of the FD model:

Ay = BAx; + Auyy,

hence

E (AxitAuit) = I [(mzt - mi,tfl) (Uit - ui,tfl)}
= FE(zpuy) + E(Ti—1tii—1) — E(@pui—1) — B (5 —1Uit)

= K (:Eitui,tfl)

which is different from zero unless there is strict exogeneity.

Example: Introduction to Dynamic Panel Data Models Consider the simple autoregressive
model:

Yit :B1yi,t—1 +(ai+€it>7t: 1725"'7T7 (71)

where 0 < 8, < 1 and €;; is non-autocorrelated (i.e. the process is stationary). Some observations:

e Since ¢ is part of the process that generates the explanatory variable y; 11, we have E (y; ;—104) >
0. Hence POLS or RE will not work - you’d expect these estimators to produce an estimate of /3,

that is upward biased.
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e Also, since €;¢+—1 determines y; ;—1, strict exogeneity does not hold. Hence FD and FE will not

work.

e To see the latter result more clearly, consider estimating (7.1) in first differences:

Yit — Yit—1 = B1 Wit—1 — Yit—2) + (€it — €i0—1) - (7.2)

While the FD transformation has eliminated «;, we see that the differenced residual (e;; —€;¢—1)

generally will not be uncorrelated with (y; ;-1 — y;,1—2) , since &; ;1 impacts on y; ;_1:

Yit—1 = B1¥it—2 + & + €541,

which follows from (7.1). We see that

(5it - Ei,t—l) AN

Eit—1 /= )
Yit—1 /= (Yit—1 — Yipt—2) /

thus

El(eit —€it—1) Wit—1 — ¥iz—2)] <0,

and so we expect the bias 8, in from estimating (7.1) by first differences to be negative. Hence, you’d
expect this estimator to produce an estimate of 5, that is downward biased
A similar result can be derived for the FE model.

[EXAMPLE - Section 2 in the appendix: AR(1) models for log sales.]

8. Contemporaneous Correlation between the Regressor and the Residual

Consider the model

Yit = B1zit + BoTir + oy + Uy,

23



where z;; is correlated with the individual effect a; and contemporaneously correlated with w;:

E(Oéimit) 7’5 0,

while z;; is strictly exogenous, but possibly correlated with a;:

E(aizit) 75 0,

E(uitzit) = 0.

The correlation between x;; and u;; can be due to any of the three problems studied previously:

e Omitted variables

e Measurement errors

e Simultaneity

In general, FD, FE, POLS and RE will not give consistent estimates if there is non-zero contempora-
neous correlation between the regressor(s) and the error term.

Suppose the above equation represents a production function. Then FE or FD estimation will recog-
nize that a; may be correlated with the input x;;, for instance, because firms with better management
(which is time invariant) use more inputs. But it is also possible that u;;, which we can think of as an
time varying demand shock, is correlated with the input: when demand is high, firms increase the level

of the input and vice versa.

9. What To Do Then...?

If strict exogeneity does not hold while at the same time the time invariant effect is correlated with the

explanatory variables, none of the estimators considered in this lecture will be consistent. However, we
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may be able to obtain consistent parameter estimates by using instruments. This is the main idea behind

estimation of dynamic panel data models, which Steve Bond will talk about in his lectures.
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Appendix: The Random Effects Transformation

Define:

RE
Vig = 0 Ugg,

and
N T
N To? + o2 '

Proposition 1. The transformed RE residual (vﬁE — \oRE ) is serially uncorrelated, and so using OLS

on the transformed equation
Yit — A\Ji = B (x4 — AT;) + (ng - )\T)zRE)

will give an efficient GLS estimator.

Proof. We want to prove

E (0" = 20™) (viZ, = X)) =0,

i.e. that there is no serial correlation in the transformed residual. By definition,

E (08" — NoFEY (uRE |~ NgFE)) = A+ B+ C + D,

i,t—s

where

A = E(vﬁEvfﬁs),
B = -\E(viFofF),
C = —\E(vE 07",

D = NE((57F)).
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Thus our task is to show that A+ B+ C + D = 0.

We have

A = F (vﬁEvﬁfis)
= FE((oq+uit) (0 +uir—s))

2
= E(af + o s + wirti + Uit )

= 02+0+0+0,

since «; is uncorrelated with u;; and all lags and leads of u;, and since u;; is serially uncorrelated.

We have
B = -—-)\FE ((Oél + uit) (ai + ﬂi))
= -A (0121 +E (Uzt@z))
= (03 +E <uit (un + uj2 + ... +uip + ... +uiT>)>
T
o2
= o2+
(2-3)
and

Finally, we have

D = NE (o))
- /\2E((ai+m)2)

= NE(af +20;1; +a?)
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Thus,

0'2 0'2
A+B+C+D = o2 -2 (o2 4+ 22 ) +2 (02 4+ =
T T
=~ 2 (024 TE) (0 -y
= o, o;, T

Now calculate (/\2 — 2)\):

(N —-2)\) =

2
- 0_7,3 1/2 (i 0_73 1/2
To2 4+ o2 To2 4+ o2

Y (A Ty Y (T
To2 + o2 To2 + o2 To2 + o2

Plug this into (9.1):

2 _TO.Q
A+B+C+D = o2+ (o2 +2) (e
+5+0C+ UQ+<UQ+T To? + o2
To? + o2 ~To?
= o, +
T To2 + o2
- -a
= 07

QED. m
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PhD Programme: Applied Econometrics

Department of Economics, University of Gothenburg
Appendix Lecture 3
Mans Séderbom

Econometric Analysis of Company-Level Panel Data

Reference:

Blundell, R.W. and Bond, S.R. (2000), ‘GMM estimation with persistent panel data: an
application to production functions’, Econometric Reviews, 19, 321-340
(http://www.ifs.org.uk/publications.php?publication_id=2722)

1. Estimating a simple production function

In this section we consider the results of four basic panel data models —i.e. POLS, RE, FE,
FD - for a simple Cobb-Douglas production function of the following form:

Yit :ﬂ1n+ﬁ2k+7t +(ai +‘9it)

where y;: denotes log sales, nj; is log employment, ki is log capital stock, y, is a time effect

common to all firms, a, is a firm specific time invariant effect, ¢;; is a time varying residual,
and i,t denote firm and year, respectively. The data is a balanced panel of 509 R&D-
performing US manufacturing companies observed for 8 years, 1982-89. These data have
been analyzed previously by Blundell and Bond (2000).

Table 1.1 OLS, levels

- regyn k yr2-yr8, cluster(id)

Linear regression Number of obs = 4072
FC 9, 508) = 2507.63
Prob > F = 0.0000
R-squared = 0.9693
Root MSE = .35256

(Std. Err. adjusted for 509 clusters in id)

| Robust
vy 1 Coef. Std. Err. t P>]t] [95% Conf. Interval]
_____________ e
n | -5578836 0308763 18.07 0.000 4972227 .6185445
k | .4322828 .0274846 15.73 0.000 .3782853 -4862803
yr2 | -.0568626 .0083657 -6.80 0.000 -.0732982 -.0404269
yr3 | -.050041 -0110933 -4.51  0.000 -.0718355  -.0282465
yrd | -.0875714 .0135255 -6.47 0.000 -.1141442 -.0609987
yr5 | -.092866 .016461 -5.64 0.000 -.125206 -.0605259
yr6 | -.0580931 0174944 -3.32 0.001 -.0924634 -.0237228
yr7 | -.0211632 .0185846 -1.14 0.255 -.0576754 .015349
yr8 | -.0382923 -020265 -1.89 0.059 -.0781058 .0015213
_cons | 3.046843 -0915369 33.29 0.000 2.867005 3.22668

. test n+k=1



(1) n+k=1

FC 1, 508)
Prob > F

1.58
0.2095

Table 1.2 Random effects GLS, levels

. xtreg y n k yr2-yr8

Random-effects GLS regression Number of obs = 4072

Group variable: id Number of groups = 509

R-sq: within = 0.7352 Obs per group: min = 8

between = 0.9727 avg = 8.0

overall = 0.9683 max = 8

Random effects u_i ~ Gaussian Wald chi2(9) = 27784.44

corr(u_i, X) = 0 (assumed) Prob > chi2 = 0.0000

v | Coef. Std. Err. z P>]z] [95% Conf. Interval]

_____________ e

n | -6449503 -0128055 50.36 0.000 .6198519 -6700487

k| -3240523 .0111113 29.16 0.000 -3022746 -34583

yr2 | -.0479095 -0094174 -5.09 0.000 -.0663673  -.0294517

yr3 | -.0304206 -0095667 -3.18 0.001 -.0491709 -.0116702

yr4 | -.0562695 -0098609 -5.71 0.000 -.0755966  -.0369424

yr5 | -.0530942 .0101615 -5.23 0.000 -.0730105 -.033178

yré | -.0137367 .0103345 -1.33 0.184 -.0339921 -0065186

yr7 | -0262007 .0104546 2.51 0.012 -0057102 -0466913

yr8 | .018625 -0109099 1.71 0.088 -.0027581 -040008

cons | 3.450817 .0425702 81.06 0.000 3.367381 3.534253

_____________ I T ETT——————————
sigma_u | -31878629
sigma_e | -14715329

rho | .82434862 (fraction of variance due to u_i)

. estimates store re

. XttestO

Breusch and Pagan Lagrangian multiplier test for random effects
y[id,t] = Xb + u[id] + e[id,t]

Estimated results:

| Var sd = sqgrt(Vvar)
_________ e
vy | 4.041093 2.010247
e | .0216541 .1471533
u | .1016247 .3187863
Test: Var(u) = 0
chi2(1l) = 9433.49
Prob > chi2 = 0.0000

. test n+k=1
(1) n+k=1

chi2( 1)
Prob > chi2

25.04
0.0000



Table 1.3 Fixed effects (“'within')

. Xtreg y n k yr2-yr8, fe

Fixed-effects (within) regression

Group variable
R-sq: within

between
overall

corr(u_i, Xb)

Number of obs
Number of groups

Obs per group: min

F(9,3554)
Prob > F

avg
max

sigma_u
sigma_e
rho

[95% Conf. In

terval]

.6262184
.2061702
.0558828 -.
.0264805
-0432449 -.
.0343034
-0100907
.0535805
-0532485
3.76003 3

.6827034
-2596443

0193985

.0111914

0036578

.0070829
-0527335
.0971347
-0995844

-967578

F test that al
. test n+k=1
(1) n+ k=

FC 1,
Pr

. estimates store fe

. hausman fe r

38.90

(b-B)

Difference

Prob > F =

sqgrt(diag(V_b
S.E.

0.0000

-V_B))

:id
= 0.7379
= 0.9706
= 0.9661
= 0.5988
Coef Std. Err
.6544609 .0144048
.2329073 .013637
-.0376406 .0093042
-.0076445 .0096071
-.0234513 .0100955
-.0136103 .0105543
.0314121 .0108748
.0753576 .0111072
.0764164 .0118166
3.863804 .0529288
.42922318
.14715329
.89482518
1 u_i=0: F(508, 3554)
1
3554) = 121.32
ob > F = 0.0000
e
-——- Coefficients —--—-
® ®
fe re
.6544609 .6449503
.2329073 .3240523
-.0376406 -.0479095
-.0076445 -.0304206
-.0234513 -.0562695
-.0136103 -.0530942
.0314121 -.0137367
.0753576 .0262007
.0764164 .018625

-0095106
-.091145
-0102689

.022776
-0328182

.039484
.0451488
-0491569
.0577915

-0065967
.0079061

-0008802
.0021636
.0028525
.0033849
-0037512
-0045393

b = consistent under Ho and Ha; obtained from xtreg
B = inconsistent under Ha, efficient under Ho; obtained from xtreg

Test: Ho:

difference in coefficients not systematic

chi2(9)

Prob>chi2

(b-B)"[(V_b-V_B)*(-1)](b-B)
143.16

0.0000

(V_b-V_B is not positive definite)



Table 1.4 First Differences

reg dy dn dk yr3-yr8, cluster(id)

Linear regression

Number of obs
FC 8, 508)
Prob > F
R-squared
Root MSE

3563
108.19
0.0000
0.4072
-14536

(Std. Err. adjusted for 509 clusters in id)

[95% Conf.

.4179151
-1533236
.0500527
-.006242
-0169846
.061452
.0582773
.0128332
-.0450933

Interval]

.5340847
-2950983
-0901149
.0356745
-0593235
.0977938
-0966512
.0522249
-.0128856

| Robust

dy | Coef Std. Err.
_____________ +

dn | -4759999 -029565

dk | .2242109 .0360815

yr3 | .0700838 .0101958

yrd | .0147162 .0106677

yr5 | .0381541 .0107752

yré6 | -0796229 .0092489

yr7 | -0774642 .0097661

yr8 | -0325291 .0100251

cons | -.0289894 .0081968
. test dn+dk=1

(1) dn+dk =1
FC 1, 508) = 105.39
Prob > F = 0.0000



2. Towards dynamics: Results for simple AR(1) specifications
We now consider the results for a simple AR(1) specification for log sales:
Yic = Hita +(Ofi +‘C"it)

Table 2.1 Pooled OLS

regy y 1, cluster(id)

Linear regression Number of obs = 3563
FC 1, 508) = -
Prob > F = 0.0000
R-squared = 0.9912
Root MSE = .18715

(Std. Err. adjusted for 509 clusters in id)

| Robust
v | Coef. Std. Err. t P>]t] [95% Conf. Interval]
_____________ I E————————————
vy 1] -98832 -001953 506.06 0.000 -9844831 -9921569
cons | -1150687 -013331 8.63 0.000 .0888781 -1412593

Table 2.2 Fixed Effects (within)

. xtregyy1l, fe

Fixed-effects (within) regression Number of obs = 3563

Group variable: id Number of groups = 509

R-sq: within = 0.5879 Obs per group: min = 7

between = 0.9981 avg = 7.0

overall = 0.9912 max = 7

F(1,3053) = 4355.96

corr(u_i, Xb) = 0.9783 Prob > F = 0.0000

v | Coef. Std. Err. t P>]t] [95% Conf. Interval]

_____________ e

y_ 1] .7380082 -011182 66.00 0.000 .7160832 .7599332

_cons | 1.573936 .0652301 24.13 0.000 1.446037 1.701835

_____________ I ———————————
sigma_u | .51579652
sigma_e | .16594538

rho | .90620103 (fraction of variance due to u_i)

F test that all u_i=0: F(508, 3053) = 2.91 Prob > F = 0.0000



Table 2.3 First differences

. ge dy_1=d.y 1
(1018 missing values generated)

reg dy dy_ 1
Source | SS df MS Number of obs = 3054
————————————— Y F( 1, 3052) = 91.69
Model | 2.92890642 1 2.92890642 Prob > F = 0.0000
Residual | 97.491852 3052 .031943595 R-squared = 0.0292
————————————— o Adj R-squared = 0.0288
Total | 100.420758 3053 .032892486 Root MSE = .17873
dy | Coef. Std. Err. t P>]t] [95% Conf. Interval]
_____________ e e e e e
dy_ 1 | -1608638 .0167995 9.58 0.000 .1279242 -1938034
cons | .0438578 .0033411 13.13 0.000 .0373068 .0504089

So the estimate of p varies between 0.16 (FD) and 0.99 (POLS). What should we believe and
why?
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